The Raĭkov conjecture fails for simple analytical reasons  by Wengenroth, J.
Journal of Pure and Applied Algebra 216 (2012) 1700–1703
Contents lists available at SciVerse ScienceDirect
Journal of Pure and Applied Algebra
journal homepage: www.elsevier.com/locate/jpaa
The Raı˘kov conjecture fails for simple analytical reasons
J. Wengenroth
Universität Trier, FB IV – Mathematik, 54286 Trier, Germany
a r t i c l e i n f o
Article history:
Received 11 November 2011
Received in revised form 19 December 2011
Available online 27 January 2012
Communicated by B. Keller
MSC: 18E05; 18E10; 46A08; 46M15
a b s t r a c t
We show that a conjecture of Raı˘kov from category theory fails for simple reasons which
reflect very concrete properties of, for example, partial differential operators.
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1. Pre-, semi-, quasi
The Raı˘kov conjecture states that every semi-abelian category is quasi-abelian. The occurrence of semi and quasi sounds
a bit as if this conjecture would be related to the ‘‘theory of piffles’’ invented by A.K. Austin [1]. This, however, is not the case.
In many concrete situations, one meets additive categories which are not abelian, for instance if one considers topological
abelian groups or vector spaces instead of their naked algebraic counterparts. Nevertheless, in order to apply homological
algebra one then indeed needs weaker properties than the usual invertibility of f¯ in the classroom diagram.
X
f✲ Y
coim f
❄
f¯✲ im f
∪
✻
In the case of topological abelian groups, f¯ remains bijective and hence a monomorphism and an epimorphism, the non-
invertibility is only due to topological reasons. Itwas thusmost natural to define a semi-abelian category just by this property,
as was done by Palamodov [9] in his thorough investigation of homological aspects in applications of the theory of locally
convex spaces (note that Raı˘kov [11] used the term semi-abelian in a different sense). Many homological constructions
originally performed with abelian groups then just went through.
However, several arguments using pushouts and pullbacks needmore information than just the universal properties. One
is then led to semi-abelian categories in which cokernels are stable under pullbacks and kernels are stable under pushouts;
such categories are called quasi-abelian categories. In detail, stability with respect to pullbacks means the following: if
f : X → Y is a cokernel (in the category LCS of all locally convex spaces this means a linear surjection which is continuous
and open) and g : Z → Y is any morphism (in LCS, a continuous linear map), then the map h in the pullback diagram
X
f✲ Y
P
✻
h✲ Z
g✻
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is again a cokernel (in LCS, P = {(x, z) ∈ X × Z : f (x) = g(z)} is endowed with the subspace topology of the product and h
is the projection onto the second component).
A simple but very useful consequence is that for two objects E, F of a quasi-abelian category the following conditions are
equivalent.
(1) Every short exact sequence 0→ E → Y → F → 0 splits.
(2) For all exact sequences 0 → E → Y q→ Z → 0 and morphisms T : F → Z there is a lifting S : F → Y such that
T = q ◦ S.
(3) For all exact sequences 0 → X f→ Y → F → 0 and morphisms T : X → E there is an extension S : Y → E such that
T = S ◦ f .
This can be used to get ‘‘test sequences’’ which are much easier to deal with than the original sequence (1); see, e.g.,
[9, theorem 9.1] or [16, section 5.1] for an application of this strategy to Fréchet spaces E.
Another way to see quasi-abelianity is that the class of all exact sequences gives an exact structure in the sense of Quillen
[10]. This allows us, for example, to define Ext groups without using injective or projective resolutions.
Fortunately, many important semi-abelian categories – most prominently, the category LCS – are indeed quasi-abelian.
Raı˘kov’s conjecture (attributed to him in [6]) was, thus, whether this is always the case.
2. The conjecture fails for very simple reasons
Let us briefly recall that the category Bor consists of all bornological locally convex spaces, i.e. every bornivorous set
(=absolutely convex set which absorbs all bounded sets) is a neighbourhood of the origin. This class contains all metrizable
locally convex spaces and it is stable with respect to locally convex inductive limits and quotients (hence Bor has the
same cokernels as LCS) but it is not stable with respect to subspaces. This means that the kernel in Bor of a morphism
(=continuous linear map) f : X → Y is the null space of f but endowed with the associated bornological topology having
all bornivorous sets as 0-neighbourhoods. Accordingly, the pullback in Bor in the diagram above is the space P with the
associated bornological topology.
That Bor could be a counterexample to Raı˘kov’s conjecture was suspected by Rump, and this was proved in 2005 by
Bonet and Dierolf [2] by a sophisticated construction. In 2008, Rump [12] published a different counterexample without
mentioning the work of Bonet and Dierolf, which he acknowledged only in an article in 2011 [13]. That paper contains a
thorough investigation of the relation between semi-abelian and quasi-abelian categories. In particular, it contains a general
criterion for quasi-abelianity which slightly simplifies the arguments showing that Bonet and Dierolf’s construction indeed
disproves Raı˘kov’s conjecture.
In a similar manner, contrived examples in locally convex spaces are used by Sieg and Wegner [14] and Kopylov and
Wegner [8] to distinguish other categorical concepts (like left and right semi-abelianity).
The aim of this section is to show that one does not need a construction to show that Bor is not quasi-abelian but that this
is very easily implied by the existence of non-α-regular inductive limits X = lim−→ Xn of increasing sequences of locally convex
spaces; that is, there is a bounded set in the inductive limit X =n∈N Xn (endowed with the finest locally convex topology
making all inclusions Xn ↩→ X continuous) which is not contained in any step Xn. The crucial point in the example of Bonet
and Dierolf is the non-β-regularity; i.e., some subset of the first step is bounded in the inductive limit but unbounded in all
steps. We refer to Köthe’s book [7, Section 19] and Floret’s survey [5] for more information about inductive limits.
For a locally convex inductive limit X = lim−→ Xn, we denote by s :

Xn → X the map (xn)n∈N → n∈N xn, which is a
cokernel in LCS (as well as in Bor, if all Xn ∈ are bornological).
Theorem. Let X = lim−→ Xn be an inductive limit of locally convex spaces which is not α-regular. Then there is a normed space Y
continuously included in X such that the pullback
πY : {(x, y) ∈Xn × Y : s(x) = y} → Y , (x, y) → y
does not remain open if this space P is endowed with the associated bornological topology.
As noted above, the space P endowed with the associated bornological topology is the pullback in Bor (if all Xn are
bornological). Then πY is not a cokernel in Bor although s is a cokernel. Therefore, Bor is not quasi-abelian.
Proof. Since the inductive limit is not α-regular, we may assume (after omitting some of the steps) that there is a sequence
yn ∈ Xn \ Xn−1 which is bounded in X . Let Y be its linear span endowed with the absolutely convex hull B of {yn : n ∈ N}
as a unit ball of its norm (note that the sequence (yn)n∈N is linearly independent, which easily implies that the Minkowski
functional of B is indeed a norm on Y ). Take any absolutely convex absorbing set V ⊆ Y not absorbing B (for example, the
set of all linear combinations c1y1 + · · · + cmym with |cn| ≤ 1/n).
We claim thatM =  Xn × V  ∩ P is bornivorous. Indeed any bounded set C ⊆ P is contained in A1 × · · · × An × {0}
×· · ·×mB for some n,m ∈ N and bounded sets Ak ⊆ Xk, and hence every (x, y) ∈ C satisfies y = s(x) ∈ Xn. Therefore,πY (C)
is contained in a finite-dimensional subspace of Y , and this implies thatπY (C) is absorbed by V , and hence that C is absorbed
byM .
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We have shown that M is a 0-neighbourhood in P endowed with the associated bornological topology, whereas πY (M)
is not a 0-neighbourhood in Y , since it is contained in V , which itself fails to be a neighbourhood of 0. 
3. The conjecture fails for analytical reasons
To apply our simple result, one still needs non-α-regular inductive limits of bornological spaces. The first examples of
such LB and LF spaces (that is, inductive limits of Banach and Fréchet spaces, respectively) were constructed by Köthe and
Grothendieck [7, Section 31.6], and many others followed, for example, in the class of so-called Moscatelli-type spaces as
in the construction of Bonet and Dierolf [2]. Such constructed examples might suggest that the failure of quasi-abelianity of
Bor is a strange phenomenon at the border of the locally convex theory.
Here we want to explain that the opposite is true, since, for many analytical problems, the bornologicity of certain
subspaces and α-regularity of inductive limits is at the heart of the matter. To make things concrete, let P(D) : D ′(Ω) →
D ′(Ω) be a linear partial differential operator with constant coefficients on the space of Schwartz distributions over an open
setΩ . By the Hahn–Banach theorem, P(D) is surjective if and only if its transposed map P(−D) : D(Ω)→ D(Ω) is a weak
isomorphism onto its image. If the image of P(−D) is closed inD(Ω), the cokernel is an inductive limit of Fréchet–Schwartz
spaces Xn (for this it is enough that the image L is stepwise closed, i.e., L∩Xn is closed in Xn for all n; in our concrete situation,
however, this is the same as being closed, e.g. by results of Floret [5], where both conditions are characterized by P-convexity
for supports).
We have the following general result on inductive limits of Fréchet spaces due to the author [15].
Theorem. Let T : E → F be a continuous linear operator between two separated and complete inductive limits of Fréchet–
Schwartz spaces with stepwise closed range. The following are equivalent.
(1) The transposed map T t : F ′ → E ′ is surjective.
(2) T is a (weak) isomorphism onto its image.
(2) imT is a bornological subspace of F .
(3) cokT is an (α- or β-) regular (LF) space.
We thus get that the cokernel of P(−D) : D(Ω) → D(Ω) is a non-α-regular (LF) space whenever Ω is P-convex for
supports and P(D) is not surjective on D ′(Ω).
4. The conjecture fails for old reasons
The main point in the theorem in Section 2 is that the cokernel P → Y does not remain open under passing to the
associated bornological topology. This reflects indeed a general result of Rump [13, dual of Theorem2] about right essential
semi-abelian subcategories of a quasi-abelian category. In the concrete situation of Bor ↩→ LCS it states the following
stability property.
Suppose that Bor is quasi-abelian and let X be a locally convex space which is a topological subspace of some
bornological space Z . If T : X → Y is open and Y is bornological, then T : Xbor → Y is open.
(The proof in this concrete situation is not very difficult: one checks that X is the pullback of the pushout Z × Y /{(x, T (x)) :
x ∈ X}.)
Having this criterion at hand, we obtain that the Raı˘kov conjecture had been solved by Dierolf in [3,4] at about the
same time as it was formulated (she thus even solved the Raı˘kov problem twice): she proved in those articles that every
separated locally convex space Y is the quotient of a complete locally convex space X having finite-dimensional bounded
sets.Moreover, her construction shows that, for a separable Banach space Y , say, the space X can be embedded into a product
Z of normed spaces Xi, i ∈ I , where the index set has moderate cardinality and thus Z is bornological (in general, a product
might be non-bornological if I is of strongly inaccessible cardinality). Since the bounded sets of X are finite dimensional, the
associated bornological topology is the finest locally convex topology. If the quotient map Xbor → Y were open, Y would
also carry the finest locally convex topology, which is not the case if Y is infinite dimensional.
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